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Abstract
A novel mass generation procedure for an Abelian vector field is
proposed. This procedure is based on the construction of a class of
gauge theories whose free limit describes a free massless vector field
and a set of massless real scalar fields by means of the antifield-BRST
deformation technique. The relationship between our results and those
arising from the Higgs mechanism based on the spontaneous symme-
try breaking of an Abelian gauge symmetry is emphasized. Some
examples with one, two, and three scalars are given.
PACS number: 11.10.Ef
1 Introduction
It is commonly believed that the only possible way to generate vector field
masses is the Higgs mechanism based on spontaneous symmetry breaking [1–
4]. The starting point of the simplest Abelian version of the Higgs mechanism
is the Lagrangian action (expressed in terms of two real scalars)
W0[A
µ, ϕ1, ϕ2] =
∫
d4x
[
− 1
4
FµνF
µν + 1
2
(Dµϕ1)D
µϕ1
+ 1
2
(Dµϕ2)D
µϕ2 − V (ϕ1, ϕ2)
]
, (1)
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where
Fµν = ∂µAν − ∂νAµ, (2)
Dµϕ1 = ∂µϕ1 − qϕ2Aµ, Dµϕ2 = ∂µϕ2 + qϕ1Aµ, (3)
V (ϕ1, ϕ2) =
1
2
µ2
(
ϕ21 + ϕ
2
2
)
+ 1
16
λ
(
ϕ21 + ϕ
2
2
)2
(4)
and the real constants µ2 and λ are taken such that µ2 < 0 and λ > 0.
Action (1) is invariant under the gauge transformations
δǫA
µ = ∂µǫ, δǫϕ1 = qϕ2ǫ, δǫϕ2 = −qϕ1ǫ. (5)
In this setting we find that the potential of the form (4) has an absolute
minimum for
√
ϕ21 + ϕ
2
2 =
√
−4µ2/λ ≡ v0. Introducing some new fields
defined by ϕ˜1 = ϕ1 − v0 and ϕ˜2 = ϕ2 (whose associated field operators
display zero vacuum expectation values) and reformulating relations (1) and
(5) accordingly, we find the action
W0[A
µ, ϕ˜1, ϕ˜2] =
∫
d4x
[
− 1
4
FµνF
µν + 1
2
q2v20AµA
µ
+ 1
2
(∂µϕ˜1)∂
µϕ˜1 + µ
2ϕ˜21 +
1
2
(∂µϕ˜2)∂
µϕ˜2
− 1
16
λ
(
ϕ˜21 + ϕ˜
2
2
)(
ϕ˜21 + ϕ˜
2
2 + 4v0ϕ˜1
)
+ qAµ
(
ϕ˜1∂
µϕ˜2 − ϕ˜2∂
µϕ˜1
)
+ qv0Aµ∂
µϕ˜2
+ 1
2
q2
(
ϕ˜21 + ϕ˜
2
2 + 2v0ϕ˜1
)
AµA
µ
]
, (6)
invariant under the gauge transformations
δǫA
µ = ∂µǫ, δǫϕ˜1 = qϕ˜2ǫ, δǫϕ˜2 = −q(ϕ˜1 + v0)ǫ. (7)
Formula (6) may be synthesized into: (a) the vector field Aµ acquires the
mass
√
q2v20; (b) the scalar field ϕ˜1 (the Higgs boson) becomes massive, with
the mass equal to
√
−2µ2; (c) the scalar field ϕ˜2 (the Goldstone boson)
is massless. The previous conclusions are involved by the existence of the
solution v0 that minimizes the potential (4).
Let us consider now the case where µ2 is arbitrary and λ > 0 in formula
(1). If we add to action (1) the functional
W˜0[A
µ, ϕ1, ϕ2] =
∫
d4x
[
qvAµ∂
µϕ2 +
1
2
q2v2AµA
µ + q2vϕ1AµA
µ
2
− 1
4
λvϕ1
(
ϕ21 + ϕ
2
2
)
− 1
8
λv2
(
3ϕ21 + ϕ
2
2
)
− v
(
µ2 + 1
4
λv2
)
ϕ1
]
, (8)
where v is an arbitrary, nonvanishing real constant, then we find that action
W¯0[A
µ, ϕ1, ϕ2] = W0[A
µ, ϕ1, ϕ2] + W˜0[A
µ, ϕ1, ϕ2], (9)
is invariant under the gauge transformations
δǫA
µ = ∂µǫ, δǫϕ1 = qϕ2ǫ, δǫϕ2 = −q(ϕ1 + v)ǫ. (10)
We mention that in (9) and (10) there is no a priori relation among the
constants µ2, λ, and v. Thus, expression (9) emphasizes that the mass of the
vector field Aµ,
√
q2v2, is independent both of µ2 and λ. In fact, the constants
µ2 and λ are involved in (9) in the self-interactions and (possibly) some mass
terms of the scalar fields. Let us take a fixed value of v, say v¯. If µ2 ≥ 0,
then the scalars ϕ1 and ϕ2 are massive, their masses being
√
µ2 + (3/4)λv¯2
and
√
µ2 + (1/4)λv¯2, respectively. Let us analyze now the case µ2 < 0. If
µ2 and λ satisfy the inequality
(
− 4µ2/λ
)
< v¯2, then the two scalars remain
massive and their masses are precisely those from the previous situation. If(
−4µ2/λ
)
> v¯2 >
(
−4µ2/3λ
)
, then the scalar ϕ1 remains massive (the value
of its mass being the same from the above situations) whereas the quantity
(−1/2)[µ2+(1/4)λv¯2] (that multiplies ϕ22) should be regarded as a parameter,
and so on. Moreover, it is simple to see that if µ2+(1/4)λv¯2 = 0 (⇔ v¯ = v0),
then the gauge theory described by (9) and (10) reduces to that governed by
relations (6) and (7) modulo the identifications ϕ1 ↔ ϕ˜1, ϕ2 ↔ ϕ˜2. These
considerations argue that relations (9) and (10) underlie a more general class
of gauge theories than that corresponding to formulas (6) and (7).
The previous discussion raises the following problem: is there a procedure,
different from the Higgs mechanism, by which one may generate mass for a
vector field in the context of its interactions to an arbitrary set of real scalar
fields? The aim of this paper is to investigate the above problem. In view of
this, we implement the following steps: (i) we start from a free theory in D =
4 whose Lagrangian action is expressed like the sum between the Maxwell
action for a single vector field and that for a (finite) collection of massless
real scalar fields; (ii) we construct a general class of gauge theories whose
free limit is that from step (i) by means of the deformation of the solution
to the master equation [5, 6] with the help of local BRST cohomology [7–
9]. On the one hand, the procedure described so far does not account in
3
any way for the Higgs mechanism. On the other hand, it will be proved to
produce the next results: (iii) the vector field acquires mass irrespective of
the number of scalar fields from the collection; (iv) the gauge transformations
are deformed with respect to those from the free limit, but the associated
gauge algebra remains Abelian; (v) the propagator of the massive vector field
emerging from the gauge-fixed action behaves, in the limit of large Euclidean
momenta, like that from the massless case. In this way, the answer to the
investigated problem is affirmative. In the meantime, the method based on
steps (i) and (ii) enables a proper comparison with the Higgs mechanism. In
this context we show that our approach: (vi) is a cohomological extension of
the Abelian Higgs mechanism; (vii) reveals an appropriate interpretation of
the Higgs mechanism in the framework of the BRST symmetry. Outcomes
(iii)–(vii) stand for the main results of our paper.
We stress that, although the antifield-BRST deformation method is well
known [5, 6], its application to a free theory with an Abelian vector field and
a set of massless real scalar fields with the aim of generating mass for the
vector field in mind has not been approached so far. This represents the core
novelty of our scheme.
The paper is organized into nine sections. In Section 2 we construct the
antifield-BRST symmetry of the free theory. Section 3 briefly reviews the
antifield-BRST deformation procedure. In Section 4 we compute the de-
formed solution to the master equation for the theory under consideration in
the presence of some standard hypotheses from field theory. The identifica-
tion of the class of interacting gauge theories is developed in Section 5. In
Section 6 we focus on the comparison between the Abelian Higgs mechanism
and our procedure, while in Section 7 we give aninterpretation of the Abelian
Higgs mechanism in the light of the antifield-BRST symmetry. Section 8 is
devoted to the exemplification of our general results to three particular cases.
Section 9 closes the paper with the main conclusions.
2 BRST symmetry of the free theory
We start with a Lagrangian action written as the sum between the action of
an Abelian vector field Aµ and that describing a finite set of massless real
scalar fields {ϕA}A=1,N0
SL0
[
Aµ, ϕA
]
=
∫
d4x
[
− 1
4
FµνF
µν + 1
2
kAB
(
∂µϕ
A
)
∂µϕB
]
4
≡ SL,Maxwell0 [Aµ] + S
L,scalar
0
[
ϕA
]
, (11)
where the Abelian field strength is like in (2). We work with a mostly negative
metric in a Minkowski spacetime of dimension D = 4, σµν = σµν = (+−−−)
and a metric tensor kAB with respect to the matter field indices (constant,
symmetric, invertible, and positively defined), ϕA = kABϕ
B. In this context,
the elements of its inverse will be symbolized by kAB. It is easy too see that
the number of physical degrees of freedom of the starting theory is equal to
N0 + 2.
Action (11) is invariant under the gauge transformations
δǫA
µ = ∂µǫ, δǫϕ
A = 0, A = 1, N0, (12)
that are Abelian and irreducible (independent). The previous properties
combined with the linearity of the field equations following from action (11) in
all fields allow us to conclude that the overall free model under consideration
is a linear gauge theory with a definite Cauchy order, equal to two.
The construction of the antifield-BRST symmetry [10–19] for this free
theory starts with the identification of the algebra on which the BRST
differential s acts. The generators of the BRST algebra are of two kinds:
fields/ghosts and antifields. The ghost spectrum for the model under study
reduces to the fermionic ghost η associated with the gauge parameter ǫ from
(12). The antifield spectrum is organized into the antifields {A∗µ, ϕ
∗
A} of the
original fields together with the antifield of the ghost, η∗. The Grassmann
parity (ε) of the BRST generators reads
ε(Aµ) = ε
(
ϕA
)
= 0, ε(η) = 1, (13)
ε(A∗µ) = ε(ϕ
∗
A) = 1, ε(η
∗) = 0. (14)
Since the gauge generators from (12) are field-independent, it follows that
the BRST differential s simply reduces to
s = δ + γ, (15)
where δ signifies the Koszul–Tate differential, graded by the antifield number
agh (agh(δ) = −1) and γ stands for the longitudinal exterior derivative (in
this case a true differential), whose degree is named pure ghost number pgh
(pgh(γ) = 1). These two degrees do not interfere (agh(γ) = 0, pgh(δ) = 0).
The overall degree that grades the BRST algebra is known as the ghost
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number (gh) and is defined like the difference between the pure ghost number
and the antifield number, such that gh(s) = gh(δ) = gh(γ) = 1. According
to the standard rules of the BRST method, the corresponding degrees of the
generators from the BRST algebra are valued like
agh(Aµ) = 0, agh
(
ϕA
)
= 0, agh(η) = 0, (16)
agh(A∗µ) = 1, agh(ϕ
∗
A) = 1, agh(η
∗) = 2, (17)
pgh(Aµ) = 0, pgh(ϕA) = 0, pgh(η) = 1, (18)
pgh(A∗µ) = 0, pgh(ϕ
∗
A) = 0, pgh(η
∗) = 0. (19)
The actions of δ and γ on the BRST generators that enforce the fundamental
cohomological requirements of the antifield BRST theory [14–19] are given
by
δAµ = 0, δϕA = 0, δη = 0, (20)
δA∗µ = ∂
νFµν , δϕ
∗
A = kAB∂µ∂
µϕB, δη∗ = −∂µA∗µ, (21)
γAµ = ∂µη, γϕA = 0, γη = 0, (22)
γA∗µ = 0, γϕ
∗
A = 0, γη
∗ = 0, (23)
where both operators were taken to act like right derivations.
The Lagrangian BRST differential admits a canonical action in a structure
named antibracket and defined by decreeing the fields/ghosts conjugated with
the corresponding antifields, s· = (·, S), where (, ) signifies the antibracket
and S denotes the canonical generator of the BRST symmetry. It is a bosonic
functional of ghost number zero, involving both field/ghost and antifield
spectra, that obeys the master equation
(S, S) = 0. (24)
The master equation is equivalent to the second-order nilpotency of s and
its solution, S, encodes the entire gauge structure of the associated theory.
The solution to the master equation for the free model under study takes the
simple form
S = SL0
[
Aµ, ϕA
]
+
∫
d4xA∗µ∂
µη. (25)
3 Deformation procedure: a brief review
Now, we consider the problem of consistent interactions that can be intro-
duced in gauge field theories in such a way that the couplings preserve the
6
original number of independent gauge symmetries. This matter is addressed
by means of reformulating the problem of constructing consistent interac-
tions as a deformation problem of the solution to the master equation corre-
sponding to a given “free” theory [5, 6] in the framework of the local BRST
cohomology [7–9]. Such a reformulation is possible due to the fact that the
solution to the master equation contains all the information on the gauge
structure of the theory. If a consistent interacting gauge theory can be con-
structed, then the solution S to the master equation associated with the
“free” theory can be deformed into a solution S¯
S → S¯ = S+ gS1+ g
2S2+ g
3S3+ g
4S4+ · · · , ε(S¯) = 0, gh(S¯) = 0 (26)
of the master equation for the deformed theory that displays the same ghost
and antifield spectra, namely,
(S¯, S¯) = 0. (27)
According to the deformation parameter g, equation (27) splits into:
g0 : (S, S) = 0, (28)
g1 : sS1 = 0, (29)
g2 : 1
2
(S1, S1) + sS2 = 0, (30)
g3 : (S1, S2) + sS3 = 0, (31)
g4 : 1
2
(S2, S2) + (S1, S3) + sS4 = 0, (32)
...
The first equation is satisfied by hypothesis. The remaining ones are to
be solved recursively, from lower to higher orders, such that each equation
corresponding to a given order of perturbation theory, say i (i ≥ 1), contains
a single unknown functional, namely, the deformation of order i, Si. Once the
deformation equations (29)–(32), etc., have been solved by means of specific
cohomological techniques, from the consistent nontrivial deformed solution
to the master equation one can extract all the information on the gauge
structure of the resulting interacting theory. It is important to mention that
the antifield-BRST deformation method briefly exposed in the above has
been successfully applied to various models [20–33].
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4 Consistent interactions between a collec-
tion of scalar fields and one vector field:
deformed solution to the master equation
In the sequel we apply the deformation procedure exposed previously with the
purpose of generating consistent interacting gauge theories in D = 4 whose
free limit is precisely the gauge theory described by relations (11) and (12).
We are interested only in (nontrivial) deformations that comply with the
standard hypotheses from field theory: analyticity in the coupling constant,
Lorentz covariance, spacetime locality, and Poincare´ invariance. Moreover,
we require that the maximum number of derivatives allowed within the in-
teraction vertices is equal to two, i.e. the maximum number of derivatives
from the free Lagrangian (derivative-order assumption).
If we make the notation S1 =
∫
d4x a, with a a local function, then
equation (29), which we have seen that controls the first-order deformation,
takes the local form
sa = ∂µj
µ, gh(a) = 0, ε(a) = 0, (33)
for some local jµ. Its solution is unique up to addition of trivial quantities
a → a′ = a + sa¯ + ∂µj¯
µ, jµ → j′µ = jµ + sj¯µ + ∂νk
νµ (with kνµ = −kµν),
in the sense that sa − ∂µj
µ ≡ sa′ − ∂µj
′µ = 0. At the same time, if the
general solution to (33) is found to be completely trivial, a = sa¯ + ∂µj¯
µ,
then it can be made to vanish, a = 0. In other words, a is constrained to
pertain to a nontrivial class of the local BRST cohomology (cohomology of s
modulo d—with d the exterior differential in spacetime) in gh = 0 computed
in the algebra of (local) nonintegrated densities, H0(s|d). In addition, all
such solutions for a will be selected such as to comply with the working
hypotheses mentioned in the above. The nonintegrated density of the first-
order deformation splits naturally into three components
a = a(A) + a(ϕ) + aint, (34)
where a(A) and a(ϕ) describe the self-interactions of the vector field Aµ and
respectively of the scalar fields {ϕA}, whereas aint governs the couplings
among them. The three components display different contents of BRST
generators (a(A) involves only {Aµ, η, A∗µ, η
∗}, a(ϕ) only {ϕA, ϕ∗A}, and a
int
mixes both sectors), such that equation (33) becomes equivalent to three
8
independent equations, one for each piece,
sa(A) = ∂µj
µ
(A), sa
(ϕ) = ∂µj
µ
(ϕ), sa
int = ∂µj
µ
int. (35)
The solution to the first equation from (35) is completely trivial [20], a(A) = 0,
while the solution to the second equation reduces to its component of antifield
number 0
a(ϕ) = 1
2
µAB(ϕ)
(
∂µϕ
A
)
∂µϕB − V(ϕ), (36)
where µAB and V are some arbitrary, smooth real functions depending only
on the undifferentiated scalar fields, with
µAB(ϕ) = µBA(ϕ), µAB(ϕ) 6=
∂uA(ϕ)
∂ϕB
+
∂uB(ϕ)
∂ϕA
. (37)
Conditions (37) ensure the nontriviality of a(ϕ) in H0(s|d).
In order to analyze the solutions to the last equation from (35) we de-
compose aint along the antifield number. Since the starting free theory is
linear and its Cauchy order is equal to 2 (see (11) and (12)), it follows that
we can stop the previously mentioned decomposition in antifield number
2, aint = aint0 + a
int
1 + a
int
2 , with agh(a
int
k ) = k. Relying on the require-
ment gh(a) = 0, it results that pgh(ak) = k, and hence we have that
aint2 = α¯2η
2 ≡ 0 due to the fermionic behaviour of the ghost η. In con-
sequence, aint reduces to the sum between its first two components only,
aint = aint0 + a
int
1 . Inserting this decomposition of a
int together with splitting
(15) of s into the last equation from (35), we arrive at
γaint1 = 0, (38)
δaint1 + γa
int
0 = ∂µj
µ
int,0. (39)
Strictly speaking, equation (38) should have been written like γaint1 = ∂µj
µ
int,1.
Since the antifield number of both hand sides of this equation is strictly
positive (equal to 1), it can be safely replaced by its homogeneous version
without loss of nontrivial terms, namely, one can always take jµint,1 = 0. The
proof of this result is done in a standard manner (for instance, see [8, 22, 28,
34–37]). Equation (38) shows that aint1 can be taken as a γ-closed object of
pure ghost number one. By means of formulas (16)–(19), (22), and (23), we
find that
aint1 =
(
A∗µh
µ([ϕ], [Fµν ]) + ϕ
∗
Ah
A([ϕ], [Fµν ])
)
η, (40)
9
where the notation h([y]) means that h depends on y and its spacetime deriva-
tives up to a finite order. The existence of the solution aint0 to equation (39)
requires that α1 = A
∗
µh
µ([ϕ], [Fµν ]) + ϕ
∗
Ah
A([ϕ], [Fµν ]) should be a nontrivial
element of the local homology of the Koszul–Tate differential in agh = 1,
H1(δ|d) (meaning that δα1 = ∂µl
µ, with α1 6= δβ2 + ∂µk
µ). Taking into ac-
count the working hypotheses (including the derivative-order assumption),
after some computation we infer that the most general nontrivial represen-
tative of H1(δ|d) corresponds to
hµ([ϕ], [Fµν ]) = 0, h
A([ϕ], [Fµν ]) = T
ABkBCϕ
C + nA, (41)
where TAB and nA are some arbitrary, real constants, with
TAB = −TBA. (42)
Then, from (40) and (41) we obtain that
aint1 = ϕ
∗
A
(
TABkBCϕ
C + nA
)
η. (43)
Substituting (43) in (39) we deduce the component of antifield number 0
aint0 = −kAB
(
TACϕ
C + nA
)
Aµ∂
µϕB + 1
2
Fµν
(
U(ϕ)F µν + εµνρλU˜(ϕ)Fρλ
)
, (44)
with TAC = T
ABkBC . In formula (44) the objects U and U˜ denote some
arbitrary, smooth real functions depending on the undifferentiated scalar
fields and εµνρλ stand for the components of the Levi-Civita symbol in D = 4.
In order to avoid trivial couplings the two functions U and U˜ should contain
no additive constants. In consequence, the first-order deformation of the
solution to the master equation reads
S1 =
∫
d4x
(
a(ϕ) + aint1 + a
int
0
)
, (45)
with a(ϕ), aint1 , and a
int
0 governed by relations (36)–(37), (43), and (44), re-
spectively.
Next, we investigate equation (30). By direct computation, we arrive at
1
2
(S1, S1) =s
{∫
d4x
[
µAB(ϕ)∂
µϕA − 1
2
kABA
µ
(
TACϕ
C + nA
)](
TBDϕ
D
+ nB
)
Aµ
}
+
∫
d4x
{
−
∂V(ϕ)
∂ϕA
(
TACϕ
C + nA
)
η
10
+ 1
2
∂U(ϕ)
∂ϕA
(
TACϕ
C + nA
)
FµνF
µνη
+ 1
2
∂U˜ (ϕ)
∂ϕA
(
TACϕ
C + nA
)
εµνρλFµνFρλη
+ 1
2
[
µAC(ϕ)T
C
B + µBC(ϕ)T
C
A
+
∂µAB(ϕ)
∂ϕC
(
TCDϕ
D + nC
)](
∂µϕ
A
)(
∂µϕB
)
η
}
. (46)
Formulas (30) and (46) show that the first-order deformation is consistent at
order g2 if and only if the following relations are fulfilled:
∂V(ϕ)
∂ϕA
(
TABϕ
B + nA
)
= 0, (47)
∂U(ϕ)
∂ϕA
(
TABϕ
B + nA
)
= 0, (48)
∂U˜ (ϕ)
∂ϕA
(
TABϕ
B + nA
)
= 0, (49)
µAC(ϕ)T
C
B + µBC(ϕ)T
C
A +
∂µAB(ϕ)
∂ϕC
(
TCDϕ
D + nC
)
= 0. (50)
In what follows we call (47)–(50) consistency equations. Under these circum-
stances, from (46) we find that
S2 =
∫
d4x
[
−µAB(ϕ)∂
µϕA+ 1
2
kABA
µ
(
TACϕ
C+nA
)](
TBDϕ
D+nB
)
Aµ. (51)
With the help of relations (45) and (51) we compute the antibracket (S1, S2)
and then, by means of equation (31), we deduce the third-order deformation
S3 =
∫
d4x
[
1
2
µAB(ϕ)
(
TACϕ
C + nA
)(
TBDϕ
D + nB
)
AµA
µ
]
. (52)
Simple computation provides (S2, S2) = 0 and (S1, S3) = 0, so the solution to
equation (32) can be taken as S4 = 0. Then, all the remaining higher-order
deformations can be chosen to vanish: Sk = 0, k > 4.
In consequence, we can state that the complete deformed solution to the
master equation for the model under study, which is consistent to all orders
in the coupling constant, reads
S¯ = S + gS1 + g
2S2 + g
3S3, (53)
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where S, S1, S2, and S3 are given by formulas (25), (45), (51), and (52),
respectively. The fully deformed solution to the master equations depends
on two kinds of real constants (TAB = −TBA and nA) and four types of
smooth, real functions of the undifferentiated scalar fields (V, U , U˜ , and
µAB = µBA). In addition, the above constants and functions are subject
to the consistency equations (47)–(50). Thus, our procedure is consistent
provided these equations possess solutions.
Everywhere in the sequel we assume that
rank(TAB) 6= 0, A, B = 1, N0, N0 > 1. (54)
For the sake of generality, we consider that the matrix TAB may possess some
nontrivial null vectors
TABτ
B
i = 0, i = 1, N0 − rank(T
AB). (55)
It is understood that if rank(TAB) = N0, then relations (55) are absent.
Introducing the quantities
Ωi = kABϕ
AτBi, qi = kABn
AτBi, (56)
we find that a class of solutions to equations (47)–(50) is given by
V(ϕ) = V(r, Ω¯i, rα), U(ϕ) = ϑ(r¯, Ω¯i, r¯α), (57)
U˜(ϕ) = κ(r¯, Ω¯i, r¯α), µAB(ϕ) = kABω(r¯, Ω¯i, r¯α), (58)
where r, r¯, and Ω¯i read
r = 1
2
kAB
(
TACϕ
C + nA
)(
TBDϕ
D + nB
)
, (59)
r¯ = kABT
A
Cϕ
C
(
1
2
TBDϕ
D + nB
)
, (60)
Ω¯i = δ0qiΩi (no summation over i), (61)
while rα(ϕ) are other solutions to the equations
∂rα
∂ϕA
(
TABϕ
B + nA
)
= 0, α = 1, . . . (62)
(if any) and r¯α(ϕ) are given by
r¯α = rα − rα(ϕ
A = 0). (63)
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In (57) and (58) V(r, Ω¯i, rα), ϑ(r¯, Ω¯i, r¯α), κ(r¯, Ω¯i, r¯α), and ω(r¯, Ω¯i, r¯α) are
some arbitrary, smooth real functions of their arguments and, in addition,
ϑ(r¯, Ω¯i, r¯α), κ(r¯, Ω¯i, r¯α), and ω(r¯, Ω¯i, r¯α) are constrained to satisfy the con-
ditions
ϑ(0, 0, 0) = κ(0, 0, 0) = ω(0, 0, 0) = 0. (64)
The above conditions ensure that the three functions denoted by ϑ(r¯, Ω¯i, r¯α),
κ(r¯, Ω¯i, r¯α), and ω(r¯, Ω¯i, r¯α) contain no additive constants and, as a conse-
quence, none of the functions U , U˜ , or µAB may exhibit trivial components.
We believe that relations (57)–(64) provide the most general class of solu-
tions to equations (47)–(50), but we do not insist on this matter. We remark
that in the context of the above solutions the constants nA remain arbitrary.
In view of this, we choose them such that
kABn
AnB 6= 0. (65)
The first formula from (56) and relation (61) show that the dependence on
Ω¯i’s in (57) and (58) may appear only in the presence of some nontrivial
vectors τBi that obey relations (55). However, for a given set of constants n
A
that fulfills (65), the presence of the Kronecker delta δ0qi in (61) signalizes
that the dependence on Ω¯i’s in (57) and (58) is nontrivial if and only if the
null vectors τBi satisfy the conditions
qi ≡ kABn
AτBi = 0 (66)
for at least one i ∈ 1, N0 − rank(TAB).
Inserting relations (57) and (58) into (53), we obtain the final form of the
deformed solution to the master equation that is consistent to all orders in
the coupling constant,
S¯ =
∫
d4x
[
− 1
4
FµνF
µν + 1
2
g2kABn
AnBAµA
µ − gV(r, Ω¯i, rα)
+ 1
2
kAB(1 + gω(r¯, Ω¯i, r¯α))
(
Dµϕ
A − 2gnAAµ
)
DµϕB
+ 1
2
gFµν
(
ϑ(r¯, Ω¯i, r¯α)F
µν + εµνρλκ(r¯, Ω¯i, r¯α)Fρλ
)
+ 1
2
g3kABω(r¯, Ω¯i, r¯α)n
AnBAµA
µ
+ A∗µ∂
µη + gϕ∗A
(
TABkBCϕ
C + nA
)
η
]
, (67)
with the covariant derivative of the matter fields defined by
Dµϕ
A = ∂µϕ
A − gTABϕ
BAµ. (68)
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The functional S¯ satisfies by construction the equation
(S¯, S¯) = 0. (69)
Formulas (57)–(65), (67), and (69) stand for the general results of the defor-
mation procedure under the current working hypotheses.
5 Lagrangian formulation of emerging inter-
acting gauge theories. Gauge-fixed action
Under these circumstances, from (67) and (57)–(65) we extract all the ingre-
dients correlated with the Lagrangian formulation of the resulting interacting
gauge theory. The antifield number 0 piece in the deformed solution (67) is
nothing but the Lagrangian action of the emerging class of interacting gauge
theories
S¯L0
[
Aµ, ϕA
]
=
∫
d4x
[
− 1
4
FµνF
µν + 1
2
g2kABn
AnBAµA
µ − gV(r, Ω¯i, rα)
+ 1
2
kAB(1 + gω(r¯, Ω¯i, r¯α))
(
Dµϕ
A − 2gnAAµ
)
DµϕB
+ 1
2
gFµν
(
ϑ(r¯, Ω¯i, r¯α)F
µν + εµνρλκ(r¯, Ω¯i, r¯α)Fρλ
)
+ 1
2
g3kABω(r¯, Ω¯i, r¯α)n
AnBAµA
µ
]
. (70)
From the terms of antifield number 1 present in (67) we read the deformed
gauge transformations (which leave invariant action (70)), namely,
δ¯ǫA
µ = ∂µǫ, δ¯ǫϕ
A = g
(
TABϕ
B + nA
)
ǫ, A = 1, N0. (71)
The previous gauge transformations are Abelian and irreducible. Relations
(70) and (71) serve as the general output of steps (i) and (ii) discussed in the
introductory section. Now, we are in the position to emphasize and detail
the main results announced in introduction.
It is well known that the deformation procedure does not change the
number of physical degrees of freedom of the starting theory [5, 6]. Due to
the fact that the matrix of elements kAB was taken by assumption to be
positively defined and the constants nA satisfy condition (65), we find that
kABn
AnB > 0. In consequence, the object
1
2
g2kABn
AnBAµA
µ ≡ 1
2
M2(A)AµA
µ (72)
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from (70) is precisely a mass term for the vector field Aµ. It is clear that the
quantity (1/2)g3kABω(r¯, Ω¯i, r¯α)n
AnBAµA
µ cannot generate mass for Aµ due
to the fact that ω(r¯, Ω¯i, r¯α) contains no additive constants (see requirement
(64)). Then, the vector field present in (70) possesses precisely three physical
degrees of freedom. It is easy to see that the mass term (72) exists irrespective
of the number of scalar fields from the collection. Meanwhile, we remark that
the term −gkABAµn
A∂µϕB from (70) is non-propagating. As a result, the
linear combination of scalar fields φ ≡ kABn
AϕB represents an unphysical
degree of freedom, so there are (N0−1) scalar physical degrees of freedom in
(70). Therefore, the deformed action (70) describes a system with (N0 + 2)
physical degrees of freedom, like its free limit (11). We observe that the
mass term (72) is generated by the nonvanishing arbitrary constants nA. On
the one hand, the existence of the constants nA in (70) is a consequence of
the existence of the one-parameter global symmetry ∆θϕ
A =
(
TABkBCϕ
C +
nA
)
θ of (the free) action (11). Thus, the appearance of the mass term (72)
is a direct consequence of the deformation method employed here in the
context of the free limit described by action (11). At the same time, the
constants nA are involved also in the deformed gauge transformations of the
scalar fields from (71), which are nothing but the gauge versions of the one-
parameter global transformations mentioned previously. On the other hand,
none of the functions V(r, Ω¯i, rα), ω(r¯, Ω¯i, r¯α), ϑ(r¯, Ω¯i, r¯α), or κ(r¯, Ω¯i, r¯α) that
parameterize action (70) may contribute to the mass of the vector field.
Actually, these functions are involved in (70) as follows: (A) V(r, Ω¯i, rα)
describes the derivative-free self-interactions and possibly some mass terms
of the scalar fields; (B) ω(r¯, Ω¯i, r¯α) controls the self-interactions of the form
ω(r¯, Ω¯i, r¯α)kAB
(
∂µϕ
A
)
∂µϕB among the scalar fields as well as some cross-
couplings between the vector field and the matter sector; (C) ϑ(r¯, Ω¯i, r¯α)
and κ(r¯, Ω¯i, r¯α) are responsible solely for some cross-couplings between the
Abelian gauge field and the matter scalars. Until now we proved that the
procedure based on steps (i) and (ii) leads to results (iii) and (iv) announced
in Section 1.
In order to argue that result (v) from Section 1 also holds, we need to
construct the gauge-fixed action corresponding to the deformed solution of
the master equation given in (67). In view of this, we introduce the co-
homologically trivial pairs {B,B∗} and {η¯, η¯∗}, with gh(B) = 0 = gh(η¯∗),
gh(B∗) = −1 = gh(η¯), and ε(B) = 0 = ε(η¯∗), ε(B∗) = 1 = ε(η¯). Conse-
quently, the non-minimal solution to the master equation corresponding to
(67) is given by S¯nm = S¯ +
∫
d4x η¯∗B. Since we have already identified the
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unphysical scalar degree of freedom, it is no longer necessary to enforce the
unitary gauge. Instead, we work with the Rξ gauge implemented via the
gauge-fixing fermion
K = −
∫
d4xη¯
(
∂µA
µ + ξgkABϕ
AnB − 1
2
ξB
)
, (73)
where ξ is an arbitrary real constant. As a result, the gauge-fixed action
becomes S¯K = S¯nm
[
Φα0 ,Φ∗α0 =
δK
δΦα0
]
, where Φα0 is a collective notation for
all the fields/ghosts. If we eliminate the auxiliary field B from S¯K according
to its field equation, we infer that
S¯K =
∫
d4x
[
− 1
4
FµνF
µν + 1
2
g2kABn
AnBAµA
µ − 1
2ξ
(∂µA
µ)2
+ 1
2
kAB
(
Dµϕ
A
)
DµϕB − gV(r, Ω¯i, rα)
+ 1
2
gkABω(r¯, Ω¯i, r¯α)
[(
Dµϕ
A − 2gnAAµ
)
DµϕB + g2nAnBAµA
µ
]
+ 1
2
gFµν
(
ϑ(r¯, Ω¯i, r¯α)F
µν + εµνρλκ(r¯, Ω¯i, r¯α)Fρλ
)
− 1
2
ξg2kACkBDn
CnDϕAϕB + g2kABn
ATBCϕ
CAµA
µ
+ (∂µη¯)∂
µη − ξg2η¯kABn
B
(
TACϕ
C + nA
)
η
]
. (74)
The gauge-fixed action (74) is invariant under the gauge-fixed BRST trans-
formations
s¯KA
µ = ∂µη, s¯Kϕ
A = g
(
TACϕ
C + nA
)
η, (75)
s¯Kη = 0, s¯K η¯ =
1
ξ
(
∂µA
µ + ξgkABϕ
AnB
)
. (76)
Formula (74) emphasizes the following features: (I) the massive vector field
propagator behaves like ∆˜Fµν(p¯) ∼ |p¯|
−2 for large Euclidean momenta |p¯| →
∞, just like in the massless case; (II) the unphysical degrees of freedom
φ ≡ kABn
AϕB and {η¯, η} acquire mass; (III) the scalar fields may be coupled
nontrivially to the ghosts. Conclusion (I) is nothing but result (v). Clearly,
the last conclusion highlights a propagator behaviour that is different from
the purely Proca case exposed in Ref. [38].
In agreement with the previous discussion regarding the properties of the
coupled gauge model (see statements (B) and (C) from the previous para-
graph), we notice that the functions ω(r¯, Ω¯i, r¯α), ϑ(r¯, Ω¯i, r¯α), and κ(r¯, Ω¯i, r¯α)
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are less relevant. For the sake of simplicity, we will set them equal to zero in
what follows
ω(r¯, Ω¯i, r¯α) = 0, ϑ(r¯, Ω¯i, r¯α) = 0, κ(r¯, Ω¯i, r¯α) = 0. (77)
All the above results remain valid in the presence of (77) since the functions
ω(r¯, Ω¯i, r¯α), ϑ(r¯, Ω¯i, r¯α), and κ(r¯, Ω¯i, r¯α) were so far arbitrary.
We remark that all the outcomes obtained until now are entirely inde-
pendent of the Higgs mechanism.
6 Comparison with the Abelian Higgs mech-
anism
Initially, we briefly address the Abelian Higgs mechanism in the presence of a
collection of N0 real scalar fields. In this situation the starting point is given
by the action (we recall that the covariant derivative Dµϕ
A is introduced in
(68))
S¯L0T,Higgs
[
Aµ, ϕA
]
=
∫
d4x
[
− 1
4
FµνF
µν + 1
2
kAB
(
Dµϕ
A
)
DµϕB
− V Higgs1 (ϕ
A)
]
, (78)
which is assumed to be invariant under the Abelian and irreducible gauge
transformations
δ′ǫA
µ = ∂µǫ, δ′ǫϕ
A = gTABϕ
Bǫ. (79)
Formulas (78) and (79) are nothing but a generalization of relations (1) and
(5) for an arbitrary N0. The gauge invariance of (78) under (79) is equivalent
to the fact that the function V Higgs1 (ϕ
A) is gauge-invariant, i.e.,
∂V Higgs1 (ϕ
A)
∂ϕA
TABϕ
B = 0. (80)
In addition, we presume that the function V Higgs1 (ϕ
A) possesses an absolute
minimum for a (nonvanishing) constant scalar field configuration
ϕA = vA0 , (81)
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but make no other supplementary presumptions on V Higgs1 . Defining some
new fields by
ϕ˜A = ϕA − vA0 , (82)
whose associated field operators display zero vacuum expectation values, and
rewriting formulas (78) and (79) in terms of (82), we arrive at the action
S¯L0T,Higgs
[
Aµ, ϕ˜A
]
=
∫
d4x
[
− 1
4
FµνF
µν + 1
2
g2kABT
A
CT
B
Dv
C
0 v
D
0 AµA
µ
+ 1
2
kAB
(
Dµϕ˜
A − 2gTACv
C
0 Aµ
)
Dµϕ˜B − V Higgs1 (ϕ˜
A + vA0 )
]
, (83)
invariant under the gauge transformations
δ′ǫA
µ = ∂µǫ, δ′ǫϕ˜
A = gTAB
(
ϕ˜B + vB0
)
ǫ. (84)
Relations (83) and (84) stand for the final output of the Abelian Higgs mech-
anism in the presence of a collection of N0 real scalar fields and show that
the vector field acquires the square mass g2kABT
A
CT
B
Dv
C
0 v
D
0 . Formula (80)
written in terms of the transformed scalar fields (82) is equivalent to the
gauge-invariance of the function V Higgs1 (ϕ˜
A+ vA0 ) under transformations (84)
∂V Higgs1 (ϕ˜
A + vA0 )
∂ϕ˜A
TAB
(
ϕ˜B + vB0
)
= 0. (85)
The square masses of the scalar fields are the eigenvalues of the mass matrix
mAB =
∂2V
Higgs
1 (ϕ˜
A+vA0 )
∂ϕ˜A∂ϕ˜B
∣∣∣
ϕ˜A=0
. By differentiating (85) with respect to ϕ˜B,
particularizing the resulting formula to ϕ˜A = 0, and taking into account that
∂V
Higgs
1 (ϕ˜
A+vA0 )
∂ϕ˜A
∣∣∣
ϕ˜A=0
= 0 (⇔
∂V
Higgs
1 (ϕ
A)
∂ϕA
∣∣∣
ϕA=vA0
= 0), we obtain the relations
mABT
A
Cv
C
0 = 0, which show that the maximum possible rank of the scalar
mass matrix is equal to (N0 − 1). This means that at least one scalar field
(Goldstone mode) is massless. The masses of the remaining scalars depend
on the concrete form of V Higgs1 (ϕ
A).
The above discussion allows us to conclude that: (a) the Higgs mechanism
is applicable if the gauge-invariant function V Higgs1 (ϕ
A) that appears in (78)
possesses an absolute minimum for a nonvanishing scalar field configuration.
The starting point of our method is represented by the free limit given
by relations (11) and (12). At the same time, the starting point of the Higgs
mechanism is provided by an interacting theory (see formulas (78) and (79)).
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Thus, in order to correctly compare our procedure with the Higgs mechanism,
it is necessary to consider an appropriate starting point. In view of this, we
begin with an interacting Lagrangian action
S¯L0T
[
Aµ, ϕA
]
=
∫
d4x
[
− 1
4
FµνF
µν + 1
2
kAB
(
Dµϕ
A
)
DµϕB − V1(ϕ
A)
]
, (86)
where V1(ϕ
A) is an arbitrary, smooth real function of its arguments. Action
(86) is assumed to be invariant under the gauge transformations
δ′ǫA
µ = ∂µǫ, δ′ǫϕ
A = gTABϕ
Bǫ. (87)
This implies that the function V1(ϕ
A) is gauge-invariant, δ′ǫV1(ϕ
A) = 0. We
make no further assumption on the function V1(ϕ
A), so formulas (86) and
(87) can be regarded like a more general starting point than relations (78)
and (79).
Now, we prove that starting from action (86) and gauge transformations
(87) we can derive a gauge theory with a massive vector field. The main
results of the deformation procedure exposed in the above, more precisely
formulas (67) and (69), offer a general manner of finding such a theory. The
strategy goes as follows. Initially, we construct the solution to the master
equation associated with the theory governed by (86) and (87). It reads
S¯T =
∫
d4x
[
− 1
4
FµνF
µν + 1
2
kAB
(
Dµϕ
A
)
DµϕB − V1(ϕ
A)
+ A∗µ∂
µη + gϕ∗AT
A
Bϕ
Bη
]
. (88)
Now, we introduce a (local) functional of fields, ghosts, and antifields, defined
by
S¯n =
∫
d4x
(
1
2
g2kABn
AnBAµA
µ − gkABn
AAµD
µϕB
+ V1(ϕ
A)− gV(r, Ω¯i, rα) + gϕ
∗
An
Aη
)
, (89)
where the arbitrary constants nA still satisfy condition (65) and the quantities
r, Ω¯i, and rα are specified in formulas (59), (61), and (62), respectively. Next,
we construct the functional
S¯ ′ = S¯T + S¯n =
∫
d4x
[
− 1
4
FµνF
µν + 1
2
g2kABn
AnBAµA
µ − gV(r, Ω¯i, rα)
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+ 1
2
kAB
(
Dµϕ
A − 2gnAAµ
)
DµϕB
+ A∗µ∂
µη + gϕ∗A
(
TABkBCϕ
C + nA
)
η
]
. (90)
We observe that (90) is nothing but our deformed solution (67) where we
implement (77). Consequently, equation (69) ensures that (S¯ ′, S¯ ′) = 0. Then,
the pieces of antifield number 0 and respectively 1 from (90) lead precisely to
the Lagrangian action (70) and gauge transformations (71) obtained in the
previous section with the particular choice (77)
S¯ ′L0
[
Aµ, ϕA
]
=
∫
d4x
[
− 1
4
FµνF
µν + 1
2
g2kABn
AnBAµA
µ − gV(r, Ω¯i, rα)
+ 1
2
kAB
(
Dµϕ
A − 2gnAAµ
)
DµϕB
]
, (91)
δ¯ǫA
µ = ∂µǫ, δ¯ǫϕ
A = g
(
TABϕ
B + nA
)
ǫ, (92)
which indeed emphasize a gauge theory with a massive vector field.
The last arguments enable us to state the following conclusions: (b) our
method in the presence of the starting point (86) and (87) is conceptually
different from the Higgs mechanism; (c) it is applicable to an arbitrary gauge-
invariant function V1(ϕ
A), which is no longer constrained to display an ab-
solute minimum.
At this stage, we remark that the final outputs of the Abelian Higgs
mechanism ((83) and (84)) and those of our procedure ((91) and (92)) are
different in general. In the sequel we investigate whether our method is
capable of rendering the results of the Abelian Higgs mechanism. In view of
this, we take nA of the form
nA = TABv
B
0 . (93)
In this situation, equations (62) become
∂rα
∂ϕA
TAB
(
ϕB + vB0
)
= 0 (94)
and, by virtue of (85), obviously admit at least the solution
rα → r1 = V
Higgs
1 (ϕ
A + vA0 ), (95)
which allows us to choose V(r, Ω¯i, rα) like
V(r, Ω¯i, rα)→ V(r1) =
1
g
r1 =
1
g
V Higgs1 (ϕ
A + vA0 ). (96)
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Now, we particularize the procedure developed between formulas (88) and
(92) to the case where
V1(ϕ
A) = V Higgs1 (ϕ
A) (97)
and nA together with V are expressed by (93) and (96). The ansatz described
by formula (97) leads to the fact that relations (86) and (87) precisely reduce
to (78) and (79). Therefore, the solution to the master equation correspond-
ing to the gauge theory described by formulas (78) and (79) is given by
S¯T,Higgs =
∫
d4x
[
− 1
4
FµνF
µν + 1
2
kAB
(
Dµϕ
A
)
DµϕB
− V Higgs1 (ϕ
A) + A∗µ∂
µη + gϕ∗AT
A
Bϕ
Bη
]
(98)
and satisfies by construction the equation
(S¯T,Higgs, S¯T,Higgs) = 0. (99)
The role of the functional (89) is played here by
S¯v0 =
∫
d4x
(
1
2
g2kABT
A
Cv
C
0 T
B
Dv
D
0 AµA
µ − gkABT
A
Cv
C
0 AµD
µϕB
+ V Higgs1 (ϕ
A)− V Higgs1 (ϕ
A + vA0 ) + gϕ
∗
AT
A
Cv
C
0 η
)
. (100)
Functional (100) follows from (89) where we set (93), (96), and (97). By
direct computation, we infer that
(S¯v0 , S¯v0) 6= 0. (101)
Finally, we construct the functional (that results from (90) where we use
choices (93) and (96))
S¯ ′Higgs = S¯T,Higgs + S¯v0
=
∫
d4x
[
− 1
4
FµνF
µν + 1
2
g2kABT
A
Cv
C
0 T
B
Dv
D
0 AµA
µ
+ 1
2
kAB
(
Dµϕ
A − 2gTACv
C
0 Aµ
)
DµϕB − V Higgs1 (ϕ
A + vA0 )
+ A∗µ∂
µη + gϕ∗AT
A
B
(
ϕB + vB0
)
η
]
, (102)
which obviously verifies the master equation
(S¯ ′Higgs, S¯
′
Higgs) = 0. (103)
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The projection of (102) on antifield number 0 provides the Lagrangian action
S¯ ′L0,Higgs
[
Aµ, ϕA
]
=
∫
d4x
[
− 1
4
FµνF
µν + 1
2
g2kABT
A
CT
B
Dv
C
0 v
D
0 AµA
µ
+ 1
2
kAB
(
Dµϕ
A − 2gTACv
C
0 Aµ
)
DµϕB − V Higgs1 (ϕ
A + vA0 )
]
, (104)
while from the terms of antifield number 1 we read the gauge transformations
of (104) like
δ¯ǫA
µ = ∂µǫ, δ¯ǫϕ
A = gTAB
(
ϕB + vB0
)
ǫ. (105)
It is obvious that (104) and (105) are nothing but (83) and (84) modulo the
identification
ϕA ←→ ϕ˜A. (106)
Formulas (104)–(106) argue that: (d) in the case described by relations (93),
(96), and (97), the results of our procedure do indeed coincide with those the
Abelian Higgs mechanism.
In this way, conclusions (a)–(d) obtained in this section prove that our
procedure may be regarded as a cohomological extension of the Abelian Higgs
mechanism, which is precisly result (vi) announced in the introduction.
7 BRST interpretation of the Higgs mecha-
nism
Formulas (83) together with (84) and (104) accompanied by (105) respec-
tively — in the presence of (106) — emphasize that the final output of the
Abelian Higgs mechanism can be obtained in two different manners: either
by performing the shift transformations (82) or by means of the procedure ex-
posed between formulas (98) and (105). Therefore, we can view the Abelian
Higgs mechanism like the passage from formulas (78) and (79) to (83) and
(84), or, equivalently, from relations (78) and (79) to (104) and (105).
Now, we are in the position to give an interpretation of the Abelian Higgs
mechanism in terms of the antifield-BRST symmetry. In view of this, we
adopt the second manner exposed in the above. Actually, the passage from
(78) and (79) to (104) and (105) means, at the level of the BRST formalism,
the transit from (98)–(99) to (102)–(103). On the one hand, formulas (98)
and (99) define a differential of ghost number equal to 1 that acts like
s¯T,HiggsF = (F, S¯T,Higgs), s¯
2
T,Higgs = 0. (107)
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The operator s¯T,Higgs signifies the BRST differential associated with the the-
ory governed by (78) and (79). On the other hand, relations (102) and (103)
define also a differential of ghost number equal to 1, via
s¯′HiggsF = (F, S¯
′
Higgs), s¯
′2
Higgs = 0, (108)
which is nothing but the BRST differential corresponding to the gauge theory
pictured by (104) and (105). At the same time, formulas (100) and (101)
induce an odd derivation of ghost number 1
s¯v0F = (F, S¯v0), s¯
2
v0
6= 0. (109)
By means of definitions (107)–(109), relation (102) connects these three op-
erators through
s¯′Higgs = s¯T,Higgs + s¯v0 . (110)
Obviously, the operators from (110) act on the same BRST algebra, such
that we find that
Hk(s¯′Higgs) 6= H
k(s¯T,Higgs), k > 0, (111)
where Hk(s¯′Higgs) and H
k(s¯T,Higgs) represent the cohomologies of s¯
′
Higgs and
s¯T,Higgs in ghost number k computed in the space of local functionals. In
particular, (111) leads to
H0(s¯′Higgs) 6= H
0(s¯T,Higgs), (112)
which further implies that the classical observables associated with the theo-
ries described by relations (78) and (79) and respectively (104) and (105) are
different. We recall that the classical observables of a given gauge theory are
gauge-invariant local functionals modulo the field equations. In conclusion,
the passage from (78) and (79) to (104) and (105), which we have seen that
represents a proper description of the Higgs mechanism, means the transit
from the BRST differential s¯T,Higgs to the BRST differential s¯
′
Higgs (using rela-
tion (110)), which implies that the classical observables of these two theories
are different. The last statement stays at the core of the interpretation of the
Abelian Higgs mechanism in the light of the BRST symmetry and meanwhile
proves result (vii) from Section 1. In this context we remark that the role of
the (scalar) shift transformations (82) from the traditional approach to the
Higgs mechanism is played in the framework of the BRST symmetry by the
odd derivation (109). Thus, all the main objectives of this paper have been
accomplished.
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8 Examples
In this section we will exemplify the general results obtained in Section 5 to
the case of the interactions between a vector field and one, two, and three
real scalar fields. In view of this, from now on we work with
kAB = δAB, V(r, Ω¯i, rα)→ V(r, Ω¯i) = c1r+c2
(
r+ 1
2
biΩ¯
2
i
)2
+ 1
2
diΩ¯
2
i , (113)
where c1, c2, bi, and di represent some arbitrary real constants. On account
of the first choice from (113) all scalar indices A, B, C, and so on will be set
in lower positions. Although V(r, Ω¯i) can be taken of a more general form,
here we work with a polynomial expression, of the form (113), in order to
emphasize other interesting aspects of our procedure.
8.1 The case of one scalar field
First, we consider the case N0 = 1, which corresponds to the interactions
between a vector field and a single real scalar field, to be denoted by ϕ1 ≡ ϕ.
Due to the antisymmetry property of the arbitrary constants TAB → T11,
the only possible choice is T11 = 0. The fact that rank(T11) = 0 does not
contradict condition (54) since here N0 = 1. Obviously, the null vectors τ
B
i
are absent. Then, by means of (59) and of the notation nA → n1 ≡ n 6= 0,
formula (113) leads to the fact that V(r, Ω¯i) → V(r) = (1/2)n
2(c1 +
1
2
c2n
2),
so it reduces in this situation to an irrelevant constant and will therefore be
omitted. Consequently, formulas (70) and (71) in the presence of choice (77)
become
S¯L0 [A
µ, ϕ] =
∫
d4x
[
− 1
4
FµνF
µν + 1
2
(gnAµ − ∂µϕ)(gnA
µ − ∂µϕ)
]
, (114)
δ¯ǫA
µ = ∂µǫ, δ¯ǫϕ = gnǫ, (115)
whereas the gauge-fixed action (74) with the same choice takes the particular
form
S¯K =
∫
d4x
[
− 1
4
FµνF
µν + 1
2
g2n2AµA
µ − 1
2ξ
(∂µA
µ)2
+ 1
2
(∂µϕ)∂
µϕ− 1
2
ξg2n2ϕ2 + (∂µη¯)∂
µη − ξg2n2η¯η
]
. (116)
Analyzing relations (114) and (115), we observe that they provide nothing
but the Stueckelberg coupling between a vector field and a scalar field ϕ. We
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emphasized in the general context from Section 5 that the unphysical scalar
degree of freedom is nAϕA → nϕ, so the only scalar field from the present
context, ϕ, describes no physical degree of freedom. Therefore, the gauge-
fixed action (116) comprises three physical degrees of freedom associated with
the massive vector field Aµ, as well as the unphysical degrees of freedom
corresponding to {ϕ, η¯, η}. In this particular situation the ghosts are not
coupled to the Stueckelberg scalar (since T11 = 0).
8.2 The case of two scalar fields
Second, we analyze the case N0 = 2, i.e., the interactions among a vector
field and two real scalar fields. We take the elements TAB and the constants
nA of the form
TAB = β
(
0 1
−1 0
)
, n1 = 0, n2 ≡ −n, (117)
with both β and n nonvanishing. It is easy to see that in this case there are
also no nontrivial null vectors τBi, so the dependence of V on Ω¯i is trivial.
Then, (113) reduces to V(r) = c1r+c2r
2. As a consequence, from expressions
(70) and (71) where we set (77) we generate the interacting Lagrangian action
and accompanying gauge transformations in this case like
S¯L0 [A
µ, ϕ1, ϕ2] =
∫
d4x
{
− 1
4
FµνF
µν + 1
2
g2n2AµA
µ
+ 1
2
(∂µϕ1)∂
µϕ1 −
1
2
gβ2
(
c1 + 3n
2c2
)
ϕ21
+ 1
2
(∂µϕ2)∂
µϕ2 −
1
2
gβ2
(
c1 + n
2c2
)
ϕ22
− 1
4
gc2β
3
(
ϕ21 + ϕ
2
2
)[
β
(
ϕ21 + ϕ
2
2
)
+ 4nϕ1
]
+ gβAµ
(
ϕ1∂
µϕ2 − ϕ2∂
µϕ1
)
+ gnAµ∂
µϕ2
− gβn
(
c1 + n
2c2
)
ϕ1
+ 1
2
g2β
[
β
(
ϕ21 + ϕ
2
2
)
+ 2nϕ1
]
AµA
µ
}
, (118)
δ¯ǫA
µ = ∂µǫ, δ¯ǫϕ1 = gβϕ2ǫ, δ¯ǫϕ2 = −g(βϕ1 + n)ǫ. (119)
We remark that the real constants c1, c2, β, and n appearing in (118) and
(119) are arbitrary (with β and n nonvanishing), such that the mass of the
vector field does not depend either on c1, c2, or β. Relations (118) and (119)
represent the most general expressions (taking (77) into consideration) that
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describe an interacting gauge theory with one massive vector field and two
scalars. We remark that formulas (9) and (10) follow from (118) and (119)
in the particular case
g = q, gc1 = µ
2, gc2 =
1
4
λ > 0, β = 1, n = v. (120)
Obviously, the results emerging from the Abelian Higgs mechanism are ob-
tained from (118)–(120) in the more particular situation
µ2 < 0, v =
√
−4µ2
λ
. (121)
The gauge-fixed action (74) where we put (77) takes (for this example)
the concrete expression
S¯K =
∫
d4x
{
− 1
4
FµνF
µν + 1
2
g2n2AµA
µ − 1
2ξ
(∂µA
µ)2
+ 1
2
(∂µϕ1)∂
µϕ1 −
1
2
gβ2
(
c1 + 3n
2c2
)
ϕ21
+ 1
2
(∂µϕ2)∂
µϕ2 −
1
2
g
[
β2c1 + n
2(β2c2 + ξg)
]
ϕ22
− 1
4
gc2β
3
(
ϕ21 + ϕ
2
2
)[
β
(
ϕ21 + ϕ
2
2
)
+ 4nϕ1
]
+ gβAµ
(
ϕ1∂
µϕ2 − ϕ2∂
µϕ1
)
− gβn
(
c1 + n
2c2
)
ϕ1
+ 1
2
g2β
[
β
(
ϕ21 + ϕ
2
2
)
+ 2nϕ1
]
AµA
µ + (∂µη¯)∂
µη
− ξg2n2η¯η − ξg2βnϕ1η¯η
}
. (122)
Here, the unphysical scalar degree of freedom is nAϕA → −nϕ2 and hence
it reduces precisely to the scalar field ϕ2. Accordingly, this model exhibits
four physical degrees of freedom (three corresponding to the massive vector
field Aµ and one associated with ϕ1) and the unphysical degrees of freedom
{ϕ2, η¯, η}. Moreover, the vertex (−)ξg
2βnϕ1η¯η from (122) signalizes that
the physical scalar ϕ1 is coupled to the ghosts. This vertex, omitted in QFT
textbooks, should be present also in the gauge-fixed action resulting from the
Abelian Higgs mechanism, which follows from (122) with the choices (120)
and (121). Its presence is important since it ensures the invariance of the
gauge-fixed action (122) under the gauge-fixed BRST transformations (75)
and (76) particularized to this example, which is otherwise lost.
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8.3 The case of three scalar fields
Third, we investigate the case N0 = 3, which provides the interactions among
a vector field and three real scalar fields. In this situation we take
TAB = β

 0 1 0−1 0 0
0 0 0

 , (123)
with β nonvanishing. We remark that matrix (123) possesses the null vector
τ1 = 0, τ2 = 0, τ3 = 1. (124)
First, we choose nA’s of the form
n1 = 0, n2 = 0, n3 ≡ n, (125)
with n nonvanishing. With the help of (124) and (125) we observe that (66)
is not satisfied, so the dependence of V on Ω¯i is again trivial, such that (113)
reduces to V(r) = c1r+ c2r
2. In this context formulas (70) and (71) take the
particular form (being understood that we implement (77))
S¯L0 [A
µ, ϕ1, ϕ2, ϕ3] =
∫
d4x
[
− 1
4
FµνF
µν + 1
2
g2n2AµA
µ
+ 1
2
(∂µϕ1)∂
µϕ1 +
1
2
(∂µϕ2)∂
µϕ2
+ 1
2
(∂µϕ3)∂
µϕ3 −
1
2
gβ2
(
c1 + n
2c2
)(
ϕ21 + ϕ
2
2
)
− 1
4
gc2β
4
(
ϕ21 + ϕ
2
2
)2
+ gβAµ
(
ϕ1∂
µϕ2 − ϕ2∂
µϕ1
)
− gnAµ∂
µϕ3 +
1
2
g2β2
(
ϕ21 + ϕ
2
2
)
AµA
µ
]
, (126)
δ¯ǫA
µ = ∂µǫ, δ¯ǫϕ1 = gβϕ2ǫ, δ¯ǫϕ2 = −gβϕ1ǫ, δ¯ǫϕ3 = gnǫ. (127)
Again, the mass of the vector field does not depend either on c1, c2, or β. If we
choose the constants c1 and c2 such that g
(
c1+n
2c2
)
> 0 and set β = 1, then
action (126) describes precisely an U(1)-type coupling between the massive
physical scalars {ϕ1, ϕ2} and a massive vector field in the presence of the
(unphysical) Stueckelberg scalar field ϕ3. Meanwhile, (126) contains also
interactions involving the two physical scalars. The gauge-fixed action (74)
corresponding to (126) is given by
S¯K =
∫
d4x
[
− 1
4
FµνF
µν + 1
2
g2n2AµA
µ − 1
2ξ
(∂µA
µ)2
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+ 1
2
(∂µϕ1)∂
µϕ1 +
1
2
(∂µϕ2)∂
µϕ2 +
1
2
(∂µϕ3)∂
µϕ3
− 1
2
gβ2
(
c1 + n
2c2
)(
ϕ21 + ϕ
2
2
)
− 1
4
gc2β
4
(
ϕ21 + ϕ
2
2
)2
+ gβAµ
(
ϕ1∂
µϕ2 − ϕ2∂
µϕ1
)
+ 1
2
g2β2
(
ϕ21 + ϕ
2
2
)
AµA
µ
− 1
2
ξg2n2ϕ23 + (∂µη¯)∂
µη − ξg2n2η¯η
]
. (128)
This example underlies five physical degrees of freedom (three correspond-
ing to Aµ and one for each of the scalars ϕ1 and respectively ϕ2), whereas
{ϕ3, η¯, η} are unphysical. We notice that the scalar fields are no longer cou-
pled to the ghosts, like in the first example.
Second, we take nA’s of the form
n1 = 0, n2 ≡ −n, n3 = 0, (129)
with n nonvanishing. By means of (124) and (129) we obtain that (66)
is satisfied, so V depends nontrivially on r and Ω¯1 ≡ ϕ3. Denoting the
corresponding constants b1 and d1 from (113) with b and respectively d,
relations (70) and (71) (in the presence of (77)) become
S¯L0 [A
µ, ϕ1, ϕ2, ϕ3] =
∫
d4x
{
− 1
4
FµνF
µν + 1
2
g2n2AµA
µ
+ 1
2
(∂µϕ1)∂
µϕ1 −
1
2
gβ2
(
c1 + 3n
2c2
)
ϕ21
+ 1
2
(∂µϕ2)∂
µϕ2 −
1
2
gβ2
(
c1 + n
2c2
)
ϕ22
+ 1
2
(∂µϕ3)∂
µϕ3 −
1
2
g
(
d+ n2bc2
)
ϕ23
− 1
4
gc2
[
β2
(
ϕ21 + ϕ
2
2
)
+ bϕ23
]
×
×
[
β2
(
ϕ21 + ϕ
2
2
)
+ bϕ23 + 4βnϕ1
]
+ gβAµ
(
ϕ1∂
µϕ2 − ϕ2∂
µϕ1
)
+ gnAµ∂
µϕ2
− gβn
(
c1 + n
2c2
)
ϕ1
+ 1
2
g2β
[
β
(
ϕ21 + ϕ
2
2
)
+ 2nϕ1
]
AµA
µ
}
, (130)
δ¯ǫA
µ = ∂µǫ, δ¯ǫϕ1 = gβϕ2ǫ, δ¯ǫϕ2 = −g(βϕ1 + n)ǫ, δ¯ǫϕ3 = 0. (131)
Like in the previous cases, the mass of the vector field does not depend on
the arbitrary constants c1, c2, β, b, and d. In this situation the unphysical
scalar degree of freedom is ϕ2. Among the five physical degrees of freedom
of this model, three correspond to the massive vector field and two to the
scalar fields ϕ1 and ϕ3 (the last is gauge-invariant). It is interesting to notice
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that if we take the constants c1, c2, b, and d such that g
(
c1+3n
2c2
)
> 0 and
g
(
d + n2bc2
)
> 0, then the two physical scalars possess in general different
masses. At the same time, in (130) there are present interactions involving all
the scalar fields. Although gauge-invariant, the scalar field ϕ3 is not coupled
to the vector field. The gauge-fixed action (74) associated with (130) takes
in the second case the form
S¯K =
∫
d4x
{
− 1
4
FµνF
µν + 1
2
g2n2AµA
µ − 1
2ξ
(∂µA
µ)2
+ 1
2
(∂µϕ1)∂
µϕ1 −
1
2
gβ2
(
c1 + 3n
2c2
)
ϕ21
+ 1
2
(∂µϕ2)∂
µϕ2 −
1
2
g
[
β2c1 + n
2(β2c2 + ξg)
]
ϕ22
+ 1
2
(∂µϕ3)∂
µϕ3 −
1
2
g
(
d+ n2bc2
)
ϕ23
− 1
4
gc2
[
β2
(
ϕ21 + ϕ
2
2
)
+ bϕ23
]
×
×
[
β2
(
ϕ21 + ϕ
2
2
)
+ bϕ23 + 4βnϕ1
]
+ gβAµ
(
ϕ1∂
µϕ2 − ϕ2∂
µϕ1
)
− gβn
(
c1 + n
2c2
)
ϕ1
+ 1
2
g2β
[
β
(
ϕ21 + ϕ
2
2
)
+ 2nϕ1
]
AµA
µ
+ (∂µη¯)∂
µη − ξg2n2η¯η − ξg2βnϕ1η¯η
}
. (132)
At the level of the gauge-fixed action the fields {ϕ2, η¯, η} obviously describe
unphysical degrees of freedom. Like in the second example, in (132) there
appears a vertex that couples the physical scalar ϕ1 to the ghosts.
9 Conclusion
To conclude with, in this paper we developed a novel mass generation mech-
anism for an Abelian vector field. This mechanism is based on the construc-
tion of a class of gauge theories whose free limit describes one massless vector
field and a set of massless real scalar fields by means of the antifield-BRST
deformation method. In this setting it was proved that:
1. The vector field gains mass irrespective of the number of scalar fields
from the collection;
2. The gauge transformations are deformed with respect to the free limit,
but their gauge algebra remains Abelian;
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3. The massive vector field propagator behaves like that from the massless
case in the limit of large Euclidean momenta;
4. Our procedure represents a cohomological extension of the Higgs mech-
anism;
5. Our scheme reveals an appropriate interpretation of the Higgs mecha-
nism in the framework of the BRST symmetry.
Our main results were exemplified to the cases where the number of scalar
fields is equal to one, two, and three. The particular situation of interactions
in the presence of two scalar fields strengthens that our results include those
emerging from the Higgs mechanism and, in addition, lead to a vertex that
is omitted in the literature. The same kind of vertex has also been shown
to appear for three scalar fields. The procedure exposed in this paper opens
the perspective towards its generalization to the case of interactions among
a collection of vector fields and a set of real scalar fields. This problem is
under consideration [39].
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